We study the stability properties of hydrodynamic shocks with finite Mach numbers. The linear analysis supplements previous analyses which took the strong shock limit. We derive the linearised equations for a general specific heat ratio as well as temperature and density power-law cooling functions, corresponding to a range of conditions relevant to interstellar atomic and molecular cooling processes. Boundary conditions corresponding to a return to the upstream temperature (R = 1) and to a cold wall (R = 0) are investigated. We find that for Mach number M > 5, the strong shock overstability limits are not significantly modified. For M < 3, however, shocks are considerably more stable for most cases. In general, as the shock weakens, the critical values of the temperature power-law index (below which shocks are overstable) are reduced for the overtones more than for the fundamental, which signifies a change in basic behaviour. In the R = 0 scenario, however, we find that the overstability regime and growth rate of the fundamental mode are increased when cooling is under local thermodynamic equilibrium. We provide a possible explanation for the results in terms of a stabilising influence provided downstream but a destabilising effect associated with the shock front. We conclude that the regime of overstability for interstellar atomic shocks is well represented by the strong shock limit unless the upstream gas is hot. Although molecular shocks can be overstable to overtones, the magnetic field provides a significant stabilising influence.
INTRODUCTION
Across a shock front, a fraction of the bulk kinetic energy is thermalised. Across interstellar shock waves, the shock front is followed by a cooling layer in which a fraction of the thermal energy escapes as radiation. Across a radiative shock wave, the cooling time is much shorter than the dynamical evolution of the system. Such shocks propagate through many astrophysical media being driven by, for example, explosions, winds, jets and collisions (Shull & Draine 1987; Draine & McKee 1993) . The fraction of energy which is thermalised in a steady-state hydrodynamic shock front can be simply expressed in terms of the specific heat ratio, γ and the Mach number, M , of the upstream (pre-shock) flow (Shull & Draine 1987) . However, in some circumstances, radiative shocks are prone to an overstability due to the nature of the cooling (Chevalier & Imamura 1982, hereafter CI82) . In one-dimensional simulations, the oscillations of growing ⋆ E-mail: brc@arm.ac.uk † E-mail: m.d.smith@kent.ac.uk amplitude can lead to a quasi-periodic collapse and restoration of almost the entire shock layer (e.g. Sutherland et al. 2003) .
The overstability was first discovered by Langer et al. (1981) . Soon after, Chevalier & Imamura (1982) performed a linear stability analysis for plane parallel flows with Λ ∝ ρ 2 T α . They found that such shocks were linearly unstable in a fundamental mode if the exponent α 0.4 and unstable to overtones for α 0.8. The physical basis for the instability is that, while the shock wave is moving away from the surface, it heats the gas to a higher temperature and the cooling time is longer than in the steady state case. As a result, in the unstable regime, the shock structure attempts to form an even larger cooling region. In contrast, while the shock wave is moving in, the situation is reversed thus yielding amplified oscillations.
A wide range of numerical and linear analyses have now catered for hot atomic gases in various physical and geometric forms (e.g. Imamura et al. 1984; Bertschinger 1986 A sketch of the steady weak shock configuration. The shock jump conditions are defined by Eqs 4, 5 and 6. For weak shocks, we consider two cases: a final temperatures, Ta, corresponding to a shell of constant temperature equal to the upstream temperature or equal to zero, corresponding to accumulation onto a stationary wall.
Recently, Ramachandran & Smith (2005a, Paper I) provided a review while extending the linear analysis to show that the instability is not only sensitive to the cooling function but also to the specific heat ratio. Ramachandran & Smith (2005b, Paper II) analysed the corresponding magnetohydrodynamic case, thus considering both molecular and atomic shock waves. In fact, these linear analyses are only applicable to strong shocks in which the Mach number is assumed to be sufficiently large so that the shock profile is independent of the Mach number. Then, the front compression is (γ + 1)/(γ − 1) and the entire compression is effectively infinite unless limited by the magnetic field.
This leaves open the question of the dependence on the Mach number: for a given power-law cooling function, when is there a critical Mach number above which a shock is unstable? In fact, Strickland & Blondin (1995) performed numerical simulations taking γ = 5/3 and found that low Mach number shocks were more stable than shocks with high Mach number. At lower M , it was found that the lower density in the cold gas layer acts like a shock absorber. In contrast, at high M , the layer is like a reflecting wall that rebounds incident waves. Although not comprehensive, a set of displayed simulations indicated that a shock unstable to overtone modes at high Mach number became stable for M somewhere in the range 5 -10. Recently, Pittard et al. (2005) have also studied weak shocks numerically for a variety of boundary conditions and find that Mach numbers of order 100 are required before they are classified as strong shocks. They also find that the stability increases with the decrease in Mach number. Their study reveals that if the lower boundary condition is such that the post-shock gas cools to a temperature below the pre-shocked value, low Mach number shocks reach critical values of α which may be comparable to high Mach number shocks under the boundary condition in which the pre-shock and post-shock temperatures are the same.
To complement the above investigations as well as to extend the problem to molecular shocks, we have undertaken here a one-dimensional linear stability analysis with the Mach number as the main parameter while varying the specific heat ratio and two parameters, α and β, which describe the cooling per unit volume in the form Λ ∝ ρ β T α . For evaluation, we pose a second question: for a given β and γ, how low must the Mach number be in order to significantly decrease the critical value of α from the strong shock value?
METHOD

The steady state solution
The method employed here involves searching for wave modes which satisfy the equations representing linear perturbations away from the one-dimensional steady-state solution. We consider matter of constant density ρa, pressure Pa, temperature Ta, sound speed cs and speed uin which is incident on a stationary wall. As sketched in Fig. 1 , the pre-shock gas velocity is v = −uin where the shock speed uin is defined as a positive quantity. Spatially, the origin x = 0 is located at the wall or shock-shell interface, with the shock front lying at some distance x = xs. In the case where the final temperature returns to the upstream value, the post-shock gas passes through the cooling region and is added to the uniform density shell. In the case where the final temperature is zero, the matter is added to an infinitely thin region at the rigid wall. In both cases, the length xs is the thickness of the cooling region.
The one dimensional hydrodynamical equations are
where equations (1), (2) & (3) refer to the conservation of mass, momentum and energy, respectively. In equation (3), A is a constant. The steady state solution is denoted by the subscript 0. The Rankine-Hugoniot conditions provide the values of the physical variables at x = xs. These are
where M = (6) are obtained when equations (1) and (2) are integrated to yield
Equations (7) & (8) are substituted in equation (3) to obtain
We now introduce the following variables
Equations (9), (10) and (11) lead to
The steady state boundary conditions
Before we can integrate equation (12), we must specify the boundary conditions. We consider two scenarios. The first case is when the temperature at the shell is the same as the temperature of the pre-shock medium and the second case is when the temperature drops to zero. Therefore, we define a quantity R as the ratio of the temperature at the shell to that of the pre-shock temperature. If R = 1, then we have the former case and if R = 0, we have the latter. 
This results in
We consider only the roots that are physical and hence the boundary conditions are
The shock width xs is evaluated in the process.
THE SET OF LINEAR EQUATIONS
The shock wave is now perturbed by
where σ = σR+iσI is the frequency and vs1 is a real quantity.
The position of the shock may be represented as the real part of
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All the quantities with subscript 1 represent the small perturbed factors. The boundary conditions at the shock wave are (see Appendix A)
We then transform the following variables as
Substituting (23), (24), (25) into (1), (2) equations become
where
The quantities ζ, π and η are complex eigenfunctions where the subscript r denotes the real component and i stands for the imaginary part for each of the above quantities. The quantity δ is a complex number with the sign of the real part, δr indicating the instability (+ve value) or stability (-ve value) of a mode. The quantity δi is interpreted as the eigenfrequency (in units of (uin/xs0)).
Substituting Eqs. (30), (31) and (32) in Eqns. (33), (34) and (35), we get six coupled first order equations which are 
There are now four free parameters: α, β, γ and M . The quantities δr and δi are eigenvalues which are determined by imposing the boundary condition at the wall which is |πwM √ γ − η| = 0 (see Appendix B). We solved the differential equations employing a fourth order Runge-Kutta technique for trial values of δr and δi with the combination that satisfies the boundary condition being the eigenvalue.
We followed the method described by Saxton et al. (1998) which involves choosing a grid of points in the complex plane consisting of δr and δi and integrating the equations for each point on the grid. The combinations that come closest to satisfying the boundary condition for each mode determine a new set of grid points with a higher resolution.
RESULTS
The main result is that a finite Mach number alters the regime of overstability as compared to the strong shock limit. However, the alteration can be in either direction. For the standard hot atomic case, the weaker the shock, the lower the critical temperature power-law index αc below which shocks are overstable to the fundamental mode (with β = 2 and γ = 5/3 fixed). This case is displayed in the topright panels of Figures 2 & 6 for the two extremes R = 1 and R = 0, respectively. This is also true for the overtones (see top-right panels of Figs. (3 -5) and Figs. (7 -9). Thus, the figures demonstrate that the major long wavelength modes are significantly more stable.
For the fundamental mode, the stabilising effect is of moderate significance. Even for M = 3 the critical index αc is typically reduced by only 0.1 -0.2 for all cases with R = 1. For the overtones, however, the stabilising effect is greater with αc reduced by ∼ 0.4.
Similar results hold for the diatomic/molecular case (γ = 7/5) and the molecular+helium case (γ = 10/7), as illustrated in the corresponding (lower-right and middleright) panels, for β = 2. The figures illustrate once again that there is no significant difference if the degrees of freedom of the helium atoms are taken into account.
Remarkably, for the β = 1 case, the fundamental mode can grow within a wider range of αc values. That is, the shocks become more unstable due to the finite Mach number (see all the left panels of Figs. 2 & 6). This result does not hold for the overtones. The increased instability range is systematically and strongly present for the case R = 0 and β = 1 (left panels of Fig. 6 ). For R = 1, however, a slightly wider range exists only for moderate Mach numbers of order ∼ 5.
In fact, even for β = 2, although the instability regime is not widened, growth rates are increased relative to the strong shock for sufficiently low/negative temperature indices α (illustrated by the crossing of the loci for the growth rates in the figures). This result holds for the overtones also.
These results can be interpreted in terms of two competing physical effects. Firstly, as with the damping magnetic field, the finite Mach number cushions the shock by allowing faster sound wave propagation which should tend to smear out pressure fluctuations. In addition, for R = 1, the transmission of waves at the shell, rather than just reflection at the wall, provides a stabilising influence.
On the other hand, a reduced Mach number implies less compression and heating at the shock front. Hence, the front itself behaves in a softer fashion, analogous to a higher specific heat ratio. This tends to widen the instability range of αc, as found in Paper 1. The resistance to the overstability as γ decreases can be interpreted as if the cooling function consisted of two components, with one component with very high α located just in the hot post-shock gas. This extra cooling component (following the shock heating) produces the extra compression.
In the case of R = 1, except for the fundamental mode, the eigenfrequencies tend to have nearly the same values. The fundamental mode tends to converge for positive α values for β = 1. For R = 0 scenario, the fundamental shows a mild increase in the eigenfrequencies as α increases. The overtones have almost the same frequency for β = 2 though for β = 1 the frequency tends to decrease with increasing α.
In almost all the cases for β & γ, R = 0 scenarios have higher frequencies than R = 1 as well as the eigenfrequencies seem to decrease with increasing Mach numbers.
The dependence of the overstable regimes on the mode is further explored in Figs. 18 & 19 . These figures clearly show that the higher overtones are more sensitive to the Mach number. In fact, while the overtones can be exclusively present for a range in α for strong shocks, the fundamental might be exclusively present for weak shocks. As an example, we can see in the case of M = 1.4 (β = 2, γ = 5/3), αc = −1.031 for the fundamental mode whereas the higher overtones have αc < −2 (see also Table C13 ). Also this significant change in shock behaviour occurs for Mach numbers below ∼ 3 for the case R = 1 (Fig. 18 ) but is more complex for R = 0 (Fig. 19) .
CONCLUSIONS
We have derived the linearised equations for one-dimensional weak shocks with general power-law cooling functions and specific heat ratios. We then solved the equations numerically and presented tables and figures which correspond to a range of conditions relevant to interstellar atomic and molecular cooling processes. The two cases solved numerically are (1) cooling and accretion onto a cold stationary wall of infinite density and (2) cooling down to the pre-shock temperature. These two cases should cover most circumstances of interest for strongly radiative shocks.
We conclude that for Mach number M > 5, the strong shock overstability limits are not significantly modified. For M < 3, however, shocks are considerably more stable for most cases with the clear exception of β = 1 and R = 0 for which greater instability (of the fundamental mode) is found. The stability criterion for the overtones are more sensitive to the Mach number, which may result in a change in behaviour from overtone-dominated to fundamental-dominated as the Mach number falls below 3. These results are roughly consistent with what might be expected since the equations are altered by factors of order 1/M 2 in comparison to the strong shock case. We provide a possible explanation for the results in terms of a stabilis- ing influence provided downstream but a destabilising effect associated with the shock front.
We reach the same general conclusion derived from numerical simulations by Pittard et al. (2005) that low Mach number atomic shocks are more stable than in the strong shock limit. However, we do find different results as far as values of αc are concerned, with the numerical work uncovering a wider range of α for overstability. As noted by Pittard et al. (2005) , this may be due to contributions from non-linear effects in the numerical simulations. Their result is interesting especially given that the strong shock limit is closely approximated even for a Mach number of 10 (for example, the ratio of the density immediately behind the shock to the pre-shock density for a strong shock of γ = 5/3 is 4 in table 1 of Pittard et al. (2005)). Our instability results reveal that the stability criterion is very close to the standard αc ∼ 0.4 even for a Mach number of 10 (see Table C13 ). We thus find our linear instability results not to be surprising in the sense that the strong shock results are attained very much as expected from the Rankine-Hugoniot conditions.
In terms of shock speeds, our results imply that the stability regime for shock propagation into an interstellar atomic medium of temperature ∼ 10,000 K must take into account the finite Mach number only for v < 50 km s −1 . However, such shocks are in any case expected to be stable due to the steep temperature dependence of the cooling function. Only if the pre-shock temperature is several times higher than 10,000 K, can we expect behaviour modified from the strong shock limit, as discussed in detail by Pittard et al. (2005) .
A further regime of interest is that of the propagation of radiative shocks into cool atomic media. Shock waves of speed 10 -15 km s −1 heat atomic gas to temperatures 2,900 K -6,500 K. Then, fine-structure cooling of elements such as C + and Fe + dominates the cooling with cooling functions that may increase as the temperature falls even in scenarios involving non-equilibrium ionisation
The influence of the Mach number on the stability of radiative shocks 13 Figure 12 . The eigenfrequency, δ i as a function of α for the second overtone mode with R = 1. Values of γ, β and M are indicated. (Dalgarno & McCray 1972) . Our analysis indicates that such shocks are overstable to the fundamental mode even at Mach numbers as low as 3 e.g. even if the temperature in the pre-shock medium is over 1000 K. These shocks possess thick radiative layers with relatively long cooling times (of order 10 5 /n yr) and correspondingly long growth and nonlinear oscillation periods.
For molecular shocks into cold gas, only extremely low speed shocks will possess a low Mach number (e.g. v < 1 km s −1 ). Furthermore, we expect the magnetic field to provide a greater influence on the stability criterion as reported in Paper II. For example, an Alfvén (Mach) number of less than 20 will stabilise the fundamental and first three harmonics for all α greater than zero (taking β = 2). To achieve the same stability without the magnetic field, requires a Mach number of M < 4 for R = 1 and M < 1.7 for R = 0. Note, however, that we have assumed a transverse magnetic field in Paper II.
The combined results of this series of papers indicate that slow molecular jump shocks are generally not overstable to the longest-wavelength fundamental mode since molecular cooling functions tend to be steep positive functions of temperature (see Paper I). The overtones, however, may be responsible for variability which we suggest will take the form of low-amplitude jittering. However, it should be remarked that other hydrodynamic processes involving the dense shell (Vishniac 1994) or turbulence in the pre-shock medium (Sutherland et al. 2003 ) may also drive linear or non-linear instabilities.
Dissociative shocks possess complex time-dependent cooling and chemistry within the radiative layer and numerical simulations are necessary to determine the stability properties (Smith & Rosen 2003; Lesaffre et al. 2004 ). In any case, the possibility to observe the implied quasiperiodic variations depends on the resolution of the observing instrument and the length of coherence across a shock front to the oscillations. However, even with low resolution, the development of density structure will still produce shock signatures inconsistent with steady shock models (Sutherland et al. 2003) . A similar conclusion was drawn from multi-dimensional simulations of C-type molecular shocks in which ion-neutral streaming generates an instability (Mac Low & Smith 1997 In the steady state case, both the incoming gas and the outgoing gas (at the shock) are the same for a stationary observer as well as the shock. But the situation changes when the shock starts oscillating. Now the stationary observer will find the same incoming velocity with a different velocity for the post-shock gas which consists of two parts, viz, the steady state velocity and a small perturbed term which will be determined as follows. Let the velocity of the shock be vs = vs1e σt according to the stationary observer. In the frame of the shock,
where vin is the incoming gas velocity. There will be a small perturbation to the Mach number and the new Mach number (Mn) is written as Mn = M + M1, where M1 = vs cs and M1 << M . Here cs is the velocity of sound. If v is the velocity of the post-shock gas in the observer frame, it implies that v − vs will be the velocity as seen from the shock frame. Applying the Rankine-Hugoniot condition, we obtain Rearranging the terms, we obtain
Comparing this with equations (5) and (25) we find that the perturbed velocity is
Now for the perturbation in density, we use the RankineHugoniot condition which expresses the conservation of mass, viz,
where ρin and ρ are the pre-shock and post-shock densities and ρin = ρa. Simplifying, we get
which implies from equations (4) and (23) that the density perturbation is
For the pressure perturbation, we use the Rankine-Hugoniot condition for the conservation of momentum flux. Denoting P as the post-shocked gas pressure,
where Pin = Pa is the pre-shock thermal pressure. Solving the above equation results in
which implies from equation (24) that the perturbed part of the pressure is
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APPENDIX B: BOUNDARY CONDITION AT THE SHELL DURING THE SHOCK OSCILLATIONS
At the shell we consider the two scenarios. One case is when the temperature goes to zero. The second is when the temperature of the fluid cools down to the pre-shock temperature. The first scenario is very simple as the pressure goes to zero, the density becomes infinite and therefore the velocity goes to zero which implies the velocity perturbation also vanishes at w = 0. Therefore,
The boundary condition for the second case is evaluated as follows. We represent the physical quantities as
where k is the wavenumber, which represents the direction of the outgoing wave towards the shell and f is the frequency. The above equations are substituted in (1) and (2) to yield
Equating the above expressions leads to
Now the pressure perturbation can also be expressed in terms of the density perturbation by
Equations (B7) and (B8) yield the boundary condition at the shell as
The minus sign indicates the direction of the gas flow. Note that the perturbed quantities are functions of x, which itself is a function of ξ from (20). The expression (B9) can be written in terms of the non-dimensional quantities as
The above quantities are evaluated at the shell boundary w = − 1 γM 2 . The influence of the Mach number on the stability of radiative shocks 21 Table C1 . Growth rates (δr ) for several modes and Mach number M , for γ = 5/3, β = 1, R = 1 fundamental first overtone Table C2 . Eigenfrequencies (δ i ) for several modes and Mach number M , for γ = 5/3, β = 1, R = 1. Table C3 . Growth rates (δr ) for several modes and Mach number M , for γ = 5/3, β = 2, R = 1. fundamental first overtone Table C4 . Eigenfrequencies (δ i ) for several modes and Mach number M , for γ = 5/3, β = 2, R = 1. Table C5 . Growth rates (δr ) for several modes and Mach number M , for γ = 7/5, β = 1, R = 1. fundamental first overtone Table C6 . Eigenfrequencies (δ i ) for several modes and Mach number M , for γ = 7/5, β = 1, R = 1. Table C7 . Growth rates (δr ) for several modes and Mach number M , for γ = 7/5, β = 2, R = 1. fundamental first overtone Table C8 . Eigenfrequencies (δ i ) for several modes and Mach number M , for γ = 7/5, β = 2, R = 1. Table C9 . Growth rates (δr ) for several modes and Mach number M , for γ = 10/7, β = 1, R = 1. fundamental first overtone Table C11 . Growth rates (δr) for several modes and Mach number M , for γ = 10/7, β = 2, R = 1. 
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